ABSTRACT. Let Ω ⊂ C n for n ≥ 2 be a bounded pseudoconvex domain with a C 1 -smooth boundary. We study the boundedness of composition operators on the p-Bergman spaces of Ω for p ∈ [1, ∞). We also study the compactness of composition operators with surjective, proper symbols on the Bergman spaces of smoothly bounded convex domains. We assume the symbol is sufficiently regular up to the closure of the domain and relate the operator theoretic properties of the composition operator to the behavior of the symbol on the boundary.
INTRODUCTION
Let Ω ⊂ C n be a bounded pseudoconvex domain. Let O(Ω) be the set of all holomorphic functions from Ω into C. Let dV be the Lebesgue volume measure on Ω. For p ∈ [1, ∞) we define
to be the p-Bergman space. We denote the norm as
Let φ : Ω → Ω be holomorphic on Ω and continuous up to Ω in each component function. Then we define the composition operator with symbol φ as
2. SOME BACKGROUND Compactness of composition operators was studied on the unit disk in D in the article [CEGY98] . Here, the authors of [CEGY98] study the angular derivative of the symbol near the boundary and obtain a compactness result. They then construct a counterexample to show that the converse of their theorem does not hold true. The authors of [AGT10] studied the closed range property of composition operators on the unit disk. In several variables, work on essential norm estimates and compactness of composition operator was studied in [vZ07] where they obtained bounds on the essential norm of the composition operator on strongly pseudoconvex domains in C n . Our approach is to use the idea of the 'generalized angular derivative' (the Jacobian) of the symbol and its behavior on the boundary. We will study the boundedness and compactness of the composition operator on bounded pseudoconvex domains in C n with symbols of C 1 -regularity up to the closure of the domain. In particular, we will study the singular points of the symbol and relate it to compactness and boundedness of the associated composition operator.
THE MAIN RESULTS
Here are the main results.
Theorem 1.
Let Ω ⊂ C n for n ≥ 2 be a bounded pseudoconvex domain with a smooth boundary. Let φ := (φ 1 , φ 2 , ..., φ n ) be holomorphic on Ω in every component function and C 1 -smooth in each component function on Ω. Furthermore, assume φ is a surjective proper map. If the Jacobian of φ is non-vanishing at every point in bΩ, then the composition operator C φ :
We also study the compactness of C φ on A 2 (Ω). Namely, we have the following theorem.
Theorem 2.
Let Ω ⊂ C n for n ≥ 2 be a bounded convex domain with a smooth boundary. Let φ := (φ 1 , φ 2 , ..., φ n ) : Ω → Ω be holomorphic in every component functions and C 1 -smooth in each component function on Ω. Furthermore, assume φ is a proper map. Then if C φ is never compact on A 2 (Ω).
By modifying the proof of Theorem 2 slightly, one can obtain the following result.
Theorem 3.
Let Ω ⊂ C n for n ≥ 2 be a bounded convex domain with a C 2 -smooth boundary. Let φ := (φ 1 , φ 2 , ..., φ n ) : Ω → Ω be holomorphic in every component functions and
We can use these ideas to establish upper and lower estimates for the essential norm of C φ if C φ is not compact.
Theorem 4.
Let Ω ⊂ C k for k ≥ 2 be a bounded pseudoconvex domain with a C 2 -smooth boundary. Let φ : Ω → Ω be holomorphic in each component function and C 1 -smooth in each component function up to Ω. Suppose inf bΩ |J(φ)| > 0 and C φ is bounded but is not compact on A 2 (Ω). Then there exists δ 0 > 0 so and M δ 0 > 0 so that
We let J(φ)(p) be the Jacobian matrix of φ at point p and |J(φ)(p)| := det(J(φ)(p)) be its complex determinant at point p.
We note that
where
and are holomorphic on Ω for every j = 1, 2, ..., n. By the smoothness of bΩ, we can extend φ j as a smooth function on C n for j ∈ {1, 2, ..., m}, also called φ j .
Since |J(φ)(p)| = 0 for all p ∈ bΩ, we use the inverse function theorem applied to φ, to cover bΩ with finitely many balls {B(p s , r s )} s=1,...,k so that p s ∈ bΩ for all s = 1, ..., k, r s > 0 for all s ∈ {1, 2, ..., k}, and the restriction φ| B(p s ,r s ) is invertible with inverse ψ s for s ∈ {1, 2, ..., k}. Then there exists δ 0 > 0 so that
dV is reverse Carleson with respect to the Lebesgue volume measure dV on Ω. That is, for every p ∈ [1, ∞) and g ∈ A p (Ω), there exists
Proof. We consider the restriction operator R δ 0 : A p (Ω) → A 2 (U δ 0 ). By the identity principle for holomorphic functions, R δ 0 is injective. And by Hartog's extension theorem, R δ 0 is surjective. Therefore, R δ 0 is invertible. It is clear that R δ 0 is bounded. Therefore, by the Open Mapping theorem, R δ 0 has a bounded inverse. Then there exists M > 0 so that
This shows that dµ is reverse Carleson.
Lemma 2.
Let Ω 1 , Ω 2 ⊂ C n for n ≥ 2 be bounded pseudoconvex domains. Furthermore, assume there exists a biholomorphism B :
Proof. Let h j ∈ A 2 (Ω 2 ) so that h j → 0 weakly as j → ∞. Then we have,
This shows that C φ•B is compact on A 2 (Ω).
PROOFS OF MAIN RESULTS

Proof of Theorem 1.
Proof.
and apply Hartog's extension theorem and identity principle. We have
Then the proof of Theorem 1 follows from an application of Lemma 1 to the above string of inequalities.
Proof of Theorem 2.
Proof. Since the Jacobian of φ is holomorphic, it suffices to show that the Jacobian is identically 0 on bΩ and use the maximum principle for holomorphic functions to conclude that the determinant of the Jacobian matrix of is 0 on Ω. Assume C φ is compact on A 2 (Ω) but for the sake of obtaining a contradiction, there exists λ = (λ 1 , λ 2 , ..., λ n ) ∈ bΩ so that |J(φ)(λ)| = 0. Then by the inverse function theorem, there exists ε > 0 so that φ is invertible on B(λ, ε) with inverse ψ ε . By rotating and translating the domain (all biholomorphisms) and using Lemma 2, we may assume φ(λ) = (0, 0, ..., 0). Since φ is surjective and proper, (0, 0, ..., 0) ∈ bΩ. Let {g j } j∈N ⊂ A 2 (φ(Ω)), g j → 0 weakly as j → ∞, and g j 2,φ(Ω) = 1 for all j ∈ N. Furthermore, we can construct g j so that the 'mass' of g j accumulates around 0 := (0, 0, ..., 0).
See [Ccc18] for the construction of g j on such a bounded convex domain. That is, for every δ > 0 there exists N δ > 0 so that g j 2,Ω∩B(0,δ) ≥ N δ for all j ∈ N. Then let δ > 0 be so that λ, ε) ). Then we have
,Ω does not converge to 0 as j → ∞, a contradiction. Therefore, the Jacobian of φ is identically 0 on bΩ. Since the Jacobian is a holomorphic function on Ω and is continuous up to the closure of Ω, we have that |J(φ)| ≡ 0 on Ω. Thus an application of Sard's theorem states that φ is singular everywhere. Thus φ is not surjective, which contradicts the assumption that φ is proper.
Proof of Theorem 3.
Proof. Assume C φ is compact. Suppose (φ(Ω)) ∩ bΩ = ∅ and so let (p 1 , p 2 , ..., p n ) ∈ (φ(Ω)) ∩ bΩ. Without loss of generality and appealing to Lemma 2, we may assume (p 1 , p 2 , ..., p n ) = (0, 0, ..., 0). Furthermore, since Ω is convex, we may assume Ω ⊂ {(z 1 , z 2 , ..., z n ) ∈ C n : Re(z 1 ) > 0}. Now assume |J(φ)(0, 0, ..., 0)| = 0. Since Ω has a C 2 -smooth boundary, by the inverse function theorem there exists ε > 0 so that φ is a diffeomorphism on
and φ ∈ C 1 (B((0, 0, ..., 0), ε)). Furthermore, we may assume |J(φ)| = 0 on B((0, 0, ..., 0), ε).
where β j = 1 − 1 j and α j chosen so that α j → 0 as j → ∞ and g j = 1 for all j ∈ N. The convexity of Ω allows us to construct this g j so that g j ∈ A 2 (Ω) for all j ∈ N by taking appropriate branch cuts. Then one can show g j → 0 uniformly on compact subsets of Ω as j → ∞ and so g j → 0 weakly as j → ∞. Furthermore, one can show that there exists δ > 0 so that g j L 2 (B((0,0,...,0),ε)∩Ω) ≥ δ for all j ∈ N. Then there exists an M > 0 so that
is an open set, we have that C φ g j L 2 (Ω) does not converge to 0, which contradicts the compactness of C φ .
Proof of Theorem 4.
Proof. Let K : A 2 (Ω) → A 2 (Ω) be an arbitrary compact operator. Then for every n ∈ N there exists f n ∈ A 2 (Ω) so that f n → 0 weakly as n → ∞, f n = 1 for all n ∈ N and
Then there exists δ 0 > 0 so that φ is a diffeomorphism on U δ 0 and J(φ)| = 0 on U δ 0 . Furthermore, we may assume each component function of φ has a smooth extension to U δ 0 .
Then we have using Lemma 1,
Then letting n → ∞ we have our upper estimate.
We assume C φ is not compact. Then there exists { f n } n∈N ⊂ A 2 (Ω) so that f n = 1 for all n ∈ N, f n → 0 weakly as n → ∞, and f n L 2 (U δ 0 ) ≥ α for some α > 0 and for all n ∈ N (and perhaps passing to a subsequence if needed). Then we have, for sufficiently large n ∈ N,
Letting n → ∞, we have that
{|J(φ)|}
for any compact operator K : A 2 (Ω) → A 2 (Ω). Thus taking the infimum over K compact, we have our result.
